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Abstract 

In this paper we introduce a derivability criterion of functors based on the existence 
of adjunctions rather than on the existence of resolutions. It constitutes a converse of 
Quillen-Maltsiniotis derived adjunction theorem. We present two applications of our 
derivability criterion. On the one hand, we prove that the two notions for homotopy 
colimits corresponding to Grothendieck derivators and Quillen model categories are 
equivalent. On the other hand, we deduce that the internal hom for derived Morita 
theory constructed by B. Toen is indeed the right derived functor of the internal hom 
of dg-categories. 

1. Introduction. 

In homological algebra, the classical criteria of existence of derived functors are always based 
on the existence of resolutions: for instance, it is a basic fact that if A is an abelian category 
with enough injectives then there exists the right derived functor MF : V^{A) — ?■ V~^{B) of 
any left exact functor F : A ^ B. More recently, the existence of the right derived functor 
MF : "DlA) — 7- V[B) of F for unbounded complexes over a Grothendieck abelian category 
A is deduced in |AJSj and |S] from the existence of K-injective resolutions. In the context 
of model categories, fibrant replacements ensure the existence of the right derived functor 
of any right Quillen functor ([QJ). And there are other kinds of resolutions, for instance 
the right deformations of [DHKSj . and the fibrant models of |GNPRj . A general notion of 
resolution that includes the preceding examples consists of the 'structures de derivabilite' 
developed in [KM] , where a derivability criterion based on their existence is given. 

In this paper we obtain a derivability criterion that uses a different approach: instead of 
assuming the existence of resolutions, we assume the existence of adjunctions. It is motivated 
by the Quillen derived adjunction theorem ([Q]), as generalized by G. Maltsiniotis ([M]): 

Derived adjunction theorem. Let F : C ^ V : G be a pair of adjoint functors. Assume 
that there exists hF, the absolute left derived functor of F, andM.G, the absolute right derived 
functor of G. Then (LF, MG) is again a pair of adjoint functors. 

In other words, the derived adjunction theorem states that adjunctions are preserved by 
taking absolute derived functors. Our derivability criterion is somehow a converse of this 
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fact: it states that the right adjoint of the absolute left derived functor of the left adjoint of 
G is indeed the absolute right derived functor of G. More precisely, 

Theorem 13. 3L Let F : C ^ V : G be a pair of adjoint functors. Assume that there exists 
hF, the absolute left derived functor of F. IfLF admits a right adjoint G' 

LF : C[W-^] ^ V[W-^] : G' 

then the absolute right derived functor M.G of G exists, and it agrees with G' . 

The proof relies on a result concerning iterated Kan extensions due to E. Dubuc ([D])- For 
an adjunction F : C ^ V : G in which G is absolutely right derivable, the dual result 
guarantees the existence of LF provided that MG has a left adjoint. 

A consequence of previous results in the context of homotopy colimits is that Grothen- 
dieck homotopy colimits (defined as left adjoints of the localized constant diagram functor) 
are indeed equivalent to Quillen homotopy colimits (defined as absolute left derived functors 
of the colimit). More generally, homotopy left Kan extensions may be equivalently defined 
as left adjoints of the localized inverse image functor, or as absolute left derived functors of 
the inverse image functor. In particular, we deduce that homotopy left Kan extensions are 
always composable. 

In the model category framework, given a general model category M. and a general small 
category /, there is no known model structure on A^^ suitable to obtain hcolim, the left 
derived functor of the colimit, as colim composed with a cofibrant resolution. This is the 
reason why one has to work harder to prove that a general model category is homotopically 
cocomplete, that is, it possesses all homotopy colimits (see |CSj . |DHKSj or [U]). In [R] we 
prove that the corrected Bousfield-Kan construction of homotopy colimits, made through the 
choice of a cosimplicial frame as in [H], gives a left adjoint of the localized constant functor 
A^''^[VV~^] — 7- A^[VV~^]. By the equivalence between Grothendieck and Quillen homotopy 
colimits obtained here, this implies that the local (Bousfield-Kan construction) and global 
(left derived functor approach) homotopy colimits coincide for any model category. 

Our second application concerns B. Toen's internal hom for derived Morita theory, in- 
troduced in [T]. Derived Morita theory is developed in loc. cit. using a suitable homotopy 
theory of dg-categories. An essential point to do this was to show that the homotopy cate- 
gory of dg-categories, Ho{dgcat), which is easily seen to be symmetric monoidal, is indeed 
a closed symmetric monoidal category. This is proved directly in [Tj, providing an explicit 
construction for the internal hom, 7^Hom(— , — ), in Ho{dgcat). But since TZHom{B, C) is not 
constructed as Hom(— , — ) applied to a cofibrant resolution of B and to a fibrant resolution 
of C, it is not clear whether 7^ Hom ( — , — ) is the right derived functor of Hom(— , — ) or not 
(see |Ta2] ). We settle this question proving the 

Theorem 15.61 Toen's internal hom T^ Hom f— , — ) : Ho{dgcat)° x Ho{dgcat) — )■ Ho{dgcat) 
of derived Morita theory is the absolute right derived functor IR Hom f— , — ) of the internal 
hom Hom f— , — ) of dg-categories. 

The paper is organized as follows. In section |2] we develop the preliminaries on abso- 
lute Kan extensions and absolute derived functors needed later. In the third section we 
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give the derivability criterion, and a corollary regarding the composition of derived functors. 
Section H] contains an application to the setting of homotopy colimits, where we prove the 
equivalence of Quillen and Grothendieck notions for the homotopy colimit. We also deduce 
that homotopy left Kan extensions are composable. Finally, in the last section we apply 
our derivability criterion to derived internal homs, deducing that Toen's internal hom of 
derived Morita theory is indeed the absolute right derived functor of the internal hom of 
dg-categories. 

Acknowledgements: I would like to thank V. Navarro Aznar, F. Guillen Santos and 
A. Roig Maranges for useful discussions and comments, specially to V. Navarro Aznar for 
pointed out a more general form of the initial derivability criterion conceived by the author. 

2. Preliminaries. 

In this section we introduce some preliminaries regarding absolute Kan extensions and de- 
rived functors. We assume the reader is familiar with the basics on these topics, that may 
be found at [MLj . or sections 2 and 3 of |KMj . for instance. 

2.1 Absolute Kan extensions. 

Given functors T : M. A and K : Ai — )■ C, we denote by {RanxT^ e) the right Kan 
extension of T along K (if it exists). It consists of a functor RarixT : C ^ A and a natural 
transformation e : RanKT°K — )■ T, called the unit of the Kan extension 



M^^A 




C 



that satisfy the usual universal property. Recall that a right Kan extension {RariKT, e) is 
characterized by the existence for each L : C ^ A oi a natural bijection 

r : Nat(L, RanxT) — > Nat(LoK, T) 

where Nat(F, G) = { natural transformations from F to G}. Indeed, given {RanxT, e), r is 
defined as the map that sends A : L — i- RanxT to e°{\*K) : L°K — )■ T. Conversely, given 
r and setting L = RanxT, e = rllptanKT '■ RanxT — )■ RanxT). A left Kan extension of T 
along K is defined dually by the existence of natural bijections 

Nat{LanxT, L) — > Nat(T, LoK) 

Definition 2.1. A right Kan extension {RanxT, e) is said to be absolute if it is preserved 
by any functor. More concretely, given S : A ^ B then the right Kan extension of S°T 
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along K exists and RanK{S°T) = SoRanxT. In addition, the unit RanK{S°T)°K — )■ S°T is 
required to agree with S*e. In this case, for each L : C ^ A there are bijections 

Nat(L, SoRariKT) — y Nat{LoK, SoT) 

natural on 5* and L. An absolute left Kan extension of T along K is defined dually, so there 
are natural bijections Na:t{S°LanKT, L) — y Na.t{S°T, L°K). 

Many of the constructions occurring in category theory may be expressed in terms of 
Kan extensions. An example is the case of adjunctions. 

Proposition 2.2. Given a functor F : C ^ V, the following are equivalent: 

1. F admits a right adjoint G : V C. 

2. There exists an absolute left Kan extension G = Lauplc- 

3. There exists a left Kan extension G = Lauplc and it is preserved by F . 

If these equivalent conditions hold, the units can he chosen in such a way that e : 1^ — )■ 
LanFlc°F is both the unit of the adjunction and of the left Kan extension. 

Proof. The equivalence between 1 and 3 is [MLl theorem X.7.2]. On the other hand 2 implies 
3 is obvious, while 1 implies 2 is [MLl proposition X.7.3]. □ 

The dual result states in particular that G admits a left adjoint F if and only if there 
exists an absolute right Kan extension F = Ranc^v oi l-p : ^ T) along G. 

We will use the following result about iterated Kan extensions due to E. Dubuc. Its proof 
may be found in [Dl Proposition 1.4.1] 

Proposition 2.3. Consider functors K : Ai ^ C , L : C ^ T) and T : M. ^ A. Assume 
that there exists Ran^T, the right Kan extension ofT along K. Then there exists RqulokT 
if and only if there exists RauLRariKT . In this case, both agree and the units may be chosen 
in such a way that 

In addition, if Ran ^T is an absolute right Kan extension, then RaniRanxT is absolute if 
and only if RanioKT is. 

2.2 Absolute derived functors. 

Given a class W of morphisms in a category C, the localization of C with respect to W 
is the result of formally inverting the morphisms of W in C. This gives a (possibly big 
category) C[W~^] plus a localization functor 7c : C — j- C[W^^] sending the elements of W to 
isomorphisms, and inducing for each category V an equivalence of categories 

-*7c : Cat{C[W-\V) Gatw{C,V) 

Here Cat{C[W-^],V) is the category of functors G' : C[W"^] S and Catw{C,V) is the 
full subcategory of Cat{C,V) formed by those G : C ^ S that send the elements in W to 
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isomorphisms. 

If F : C — > "D, the left derived functor of F (if it exists), is the right Kan extension 
{hF = Ran^^F, e : ILFojc ~^ F). In case LF is in addition an absolute right Kan extension 
of F along 7c, then hF is called the absolute left derived functor of F. In particular, for 
each S -.V^S, h{S^F) = S^ILF. 

If V is also equipped with a distinguished class of morphisms, which we also write as W, 
then the (absolute) total left derived functor of F : C — )■ P with respect to the classes W of 
C and V is the (absolute) right Kan extension of ^v°F along jc- It is also denoted by hF, 
and this time 

hF = Ran-y^'yx>°F 
In the absolute case, for each functor 5* : P[VV^^] — t- £^ it holds that 

S°hF = Ran-y^S°^x>°F 

In the rest of the paper we will restrict ourselves to the total derived functors case. Then, 
since there is no risk of confusion about the notation hF, we drop the 'total' adjective for 
brevity. So we just say that F has an (absolute) left derived functor hF : C[W~^] — )• ©[W"^]. 
Dually, F is said to admit an (absolute) right derived functor if there exists the absolute left 
Kan extension (RF = Lan^^^x>°F, e : 7x>°F — )■ ]RF°7c). 

From now on we fix a class W of morphisms, called weak equivalences, in the categories 
considered, and left or right derived functors are always defined with respect to these classes. 

In practice, (absolute) derived functors are usually obtained through the existence of 
some kind of resolutions in C. An example is the Quillen theorem of existence of derived 
functors, in the context of model categories. 

Theorem 2.4. ([Q]) Let F : Ai ^ T) be a functor from a Quillen model category Ai to 
a category V. If F sends weak equivalences between cofibrant objects to weak equivalences, 
then the left derived functor of F exists and may be computed composing F with a cofibrant 
replacement. Dually, if F sends weak equivalences between fibrant objects to weak equiva- 
lences, then the right derived functor of F exists and may be computed composing F with a 
fibrant replacement. 

Remark 2.5. Although no mention to absoluteness is made in the original form of the above 
theorem, those derived functors obtained through cofibrant or fibrant resolutions are easily 
seen to be absolute derived functors (see [M, P-2]). Also, cofibrant or fibrant resolutions 
induce a derivability structure in the sense of |KMj on the model category. Therefore the 
theorem above is a particular case of the derivability criterion given in loc. cit., where the 
derived functors obtained are absolute. 
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Remark 2.6. Previous theorem shows that a sufficient condition on a functor defined on 
a model category for being absolutely right derivable is that it preserves weak equivalences 
between fibrant objects. Indeed, some authors directly define the (absolute) right derived 
functor of such a functor as its composition with a fibrant replacement, instead as its (abso- 
lute) right Kan extension. Both definitions agree in this case by the above theorem. 
But note however that this is not a necessary condition on a functor to be absolutely right 
derivable: there are functors that do not preserve weak equivalences between fibrant ob- 
jects but still admit an absolute right derived functor. An example is the internal hom of 
dg-categories, that will be studied in section [5?T1 



3. Derivability criterion. 

The derivability criterion introduced here is motivated by the Quillen derived adjunction 
theorem ([Q]), as generalized by G. Maltsiniotis ([Mj): 

Derived adjunction theorem. Let F : C ^ V : G be a pair of adjoint functors. Assume 
that there exists LF, the absolute left derived functor of F, and M.G, the absolute right derived 
functor of G. Then 

LF : C[W-^] ^ V[W-'^] : RG 

is a pair of adjoint functors. In addition, the adjunction morphisms a' : LFoRG — ?■ 1 and 
6' : 1 — )■ MGoLF may be chosen in such a way that the two squares below commute 

hF^-fc^G LFoMG'071, MCo^^^oF MG0LF07C (1) 



e*G 



a *7i5 



e*F 



7x,oFoG' — 7x) jc°G°F 7c 

Here, e and e denote the respective units of LF and M.G, while a and b are the adjunction 
morphisms of {F, G). 

The following result is a converse of the previous derived adjunction theorem, and constitutes 
a derivability criterion of functors based on the existence of adjunctions rather than on the 
existence of resolutions. 

Theorem 3.1. Let F : C ^ V : G be a pair of adjoint functors. Assume that there exists 
MG, the absolute right derived functor of G. IfRG admits a left adjoint F' 

F' : C[W-^] ^V[W-^] : RG 

then the absolute left derived functor hF of F exists, and it agrees with F' . In addition, the 
unit e : F'o'^c ~^ 72?°-^ T^Ojy be chosen in such a way that the two squares in ([1]) commute. 

Proof. We must prove that F' is the absolute right Kan extension Ran^^'yx>°F of 7x>°F along 
7c. Consider S : V[W~^] — )■ £. Since (F',RG) is a pair of adjoint functors, it follows from 
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proposition 12.21 that S°F' = Ran^cS with unit S*a' : S^P'oRG S. On the other hand, by 
assumption MG is the absolute right derived functor of G. Therefore, given L : C[W~^] — t- £ 
then L°M.G = Lan^^L°'yc°G with unit L*e : L°'yc°G LoRG'°7x). Putting all together, we 
have the bijections 

Nat{L,SoF') Nat{LoRG,S) — > Nat{L^-fcoG, Soj^,) 

X ^ {S*a')o{X*RG) ^ {S*a'*-fvHX*{RGo-fj,))o{L*e) 

Then, we deduce that F' is the absolute right Kan extension Ran^^oc'^v with unit the 
composition 

I7>/ r~< P'*^ 17/ TED a'*7Xi 

r o7c°G r °MG°7x) ^ 7© 

On the other hand, since (-F, G) is a pair of adjoint functors then F is the absolute right 
Kan extension Ranclv with unit a : F°G Ip, by proposition 12.21 In particular, 7x)°F is 
the absolute right Kan extension RancJv with unit 7x)*a : 'yx>°F°G — > 7©. Summarizing all 
we have proved the existence of 

Ranc^D = 7x)°-F and Ran^^oclv = F' 

By Dubuc's result 12.31 we deduce that Ran^i^Rancjv = Rany^^D°F exists, it is absolute, 
and it agrees with F'. In addition, we may choose as unit e : {Ran^^'y£)°F)°jc 7c°F in 
such a way such that 

F'°'~fc°G — > '-)x>°F°G 




commutes. This means that F' is an absolute left derived functor of F, and the left square in 
([1]) is commutative. Finally, the commutativity of the right square in ([1]) means that the unit 
e : F'°7c — )• ^d°F of the absolute left Kan extension is the adjoint natural transformation 
through (F,MG) of 

7coGoF ^ MGo7i,oF (2) 
Using the naturality of e and the left square in ([T]) we deduce the commutative diagram 

F'°'yc ^ F' °'yc°G°F — F' oRG°'yx>°F ^x>°F 




^x>°F ^ '^x>°F °G°F 

Since (a*F)o(F*6) is the identity, it follows that the adjoint of ([2]) is e as required. □ 
Together with Quillen-Maltsiniotis derived adjunction theorem, previous theorem implies 

the 



7 



Corollary 3.2. Let F : C ^ V : G be a pair of adjoint functors. Assume that there exists 
M.G, the absolute right derived functor ofG. Then, the following are equivalent: 

1. MG admits a left adjoint F' : C[>V-^] V[W-^]. 

2. F admits an absolute left derived functor "LF : C[W^"'^] — ?■ I?[W^^]. 

In this case, F' and LF agree and their corresponding unit and adjunction morphisms may 
be chosen in such a way that the two squares in ([1]) commute. 

We will also use the duals of theorem 13.11 and corollary 13.21 given below. 

Theorem 3.3. Let F : C ^ T> : G be a pair of adjoint functors. Assume that there exists 
L,F, the absolute left derived functor of F. IfLF admits a right adjoint G' 

LF : C[yV-^] ^V[W-^] : G' 

then the absolute right derived functor MG of G exists, and it agrees with G' . In addition, 
the unit e : 7c°G — t- G'°'^t) n^-o-y be chosen in such a way that the two squares in ([1]) commute. 

Corollary 3.4. Let F : C ^ V : G be a pair of adjoint functors. Assume that there exists 
hF, the absolute left derived functor of F. Then, the following are equivalent: 

1. LF admits a right adjoint G' : ©[W^] C[>V~^]. 

2. G admits an absolute right derived functor M.G : X'[W^"'^] — t- (^[W^"*^]. 

In this case, G' and MG agree and their corresponding unit and adjunction morphisms may 
be chosen in such a way that the two squares in ([1]) commute. 

Next we study the composition of derived functors obtained in this way. Given functors 
Fi : C — > "D and F2 : T> ^ £ such that LFi, LF2 and L(F2°Fi) exist, there is a natural 
morphism 

LF20LF1 — > L(F2oFi) (3) 
It is obtained from {ei^p^*Fi)°(JuF2*ei^p^) : LF2°LFi°7c — )■ ^£°F2°Fi through the bijection 

Arat(LF2°LFi,L(F2oFi)) — > Nat{l.F2°hFio^c.ls°F2°Fi) 

Analogously, given Gi : V ^ C and G2 ■ £ ^ V such that there exist RGi, IRG2 and 
M.[Gi°G2), there is a natural morphism 

M(GioG2) — > RG10RG2 (4) 

Note that neither nor (jl]) need to be an isomorphism for general Fi, F2, Gi and G2. 
In our case we have the 

Proposition 3.5. Consider two pairs of adjoint functors (Fi,Gi) and (F2,G2) 

Fi F2 

' V , ± £ 

Gi G2 

such that the absolute derived functors hFi, LF2, MGi, M.G2 andM.{Gi°G2) exist. If (HI) is 
an isomorphism, then there exists the absolute left derived functor L(F2°Fi) and ([3]) is an 
isomorphism as well. 
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Proof. By corollary 13.21 we have the adjoint pairs of functors (LFi,]RGi) and (LF2, 1^6*2). 
Since the composition of adjunctions is again an adjunction, we have also the adjoint pair 
(LF2°LFi, ]RG'io]RG'2). If (jlD is an isomorphism, it turns out that LF2°LFi is left adjoint to 
R{Gi-G2). But then, by corollary O applied to (F2°Fi, G10G2) we have that LF20LF1 is the 
absolute left derived functor of F2°Fi. □ 

It is left to the reader to establish the dual of previous proposition, concerning the 
composition of absolute right derived functors. 

4. Equivalence between Grothendieck and Quillen ho- 
motopy colimits. 

A nice particular case of corollary 13.21 occurs when in an adjunction F : C ^ T> : G the 
right adjoint preserves weak equivalences. In this case we deduce that F admits an absolute 
left derived functor if and only if G : D[>V~^] — > C[W~^] admits a left adjoint, and in this 
case both agree. In the setting of homotopy colimits, a consequence of this fact is that the 
notions of homotopy colimit corresponding to Grothendieck derivators and model categories 
are indeed equivalent. We begin by recalling how these two notions are defined. 

Given a small category /, the class W of weak equivalences of C induces pointwise a class 
of morphisms in the category of functors from / to C, . This new class, which we also 
denote by W, is called the class of pointwise weak equivalences. More concretely, a pointwise 
weak equivalence of is a natural transformation \ : X ^ Y such that Aj G W for each 
i E L Note that the constant diagram functor c/ : C — )■ , defined as {ci{x)){i) = x for 
all z G /, is then weak equivalence preserving. We also denote by c/ the induced functor 
C/ : C[W~^] — i- C^[W~^] on localized categories, and call it the localized constant diagram 
functor. 

Definition 4.1. A Grothendieck homotopy colimit is defined as the left adjoint hocolim/ : 
C^[W-'^] C[W-'^] of the localized constant diagram functor c/ : C[W~^] C^[W-^] (if it 
exists) . 

On the other hand, if there exists the colimit colim/ Quillen homotopy colimit 

is defined as the absolute left derived functor Lcolim/ : C^[VV^^] — t- C[W^^] of the colimit 
colim/ (if it exists). 

Proposition 4.2. Assume that there exists colim/ : — > C Then a functor C^lW^^] — ?■ 
C[W~"'^] is a Grothendieck homotopy colimit if and only if it is a Quillen homotopy colimit. 

Proof. Since by hypothesis colim/ : — )■ C exists, we have an adjunction colim/ : ^ C : 
cj. Since c/ is weak equivalence preserving, it has in particular an absolute right derived 
functor and Mc/ = C/ : C''^[W^^] — t- C[W^^]. Hence the result follows directly from corollary 
K2\ □ 
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Recall that the inverse image of a functor f : I ^ J oi small categories is f*:C^-^ 
defined as {f*Y){i) = Y{f{i)). Again, it clearly preserves pointwise weak equivalences. 

Definition 4.3. A Grothendieck homotopy left Kan extension along /, Hof\ : C^[VV^^] — ^ 
C-^iW-i], is defined as the left adjoint of /* : C-^[}V-^] C^[W-^] (if it exists). 
On the other hand, if there exists the left Kan extension /i : — ?■ C'^, a Quillen homotopy 
left Kan extension along / is defined as the absolute left derived functor L/i : C^[VV^^] — ?■ 
C-^[W-^] of f (if it exists). 

Analogously, we deduce from corollary 13.21 the 

Proposition 4.4. Assume that there exists f\ : . Then a functor C^[W^^] — ^ 

C"'[W^^] is a Grothendieck homotopy left Kan extension if and only if it is a Quillen homo- 
topy left Kan extension. 

In light of this equivalence, we deduce in next corollary that Quillen homotopy left Kan 
extensions are always composable. 

Corollary 4.5. Assume given functors f : I ^ J and g : J ^ K such that there exist 
the absolute left derived functors hf : C^[W-^] C-^[W-^] and Lc/i : C-^[W-^] C^^[W-^]. 
Then there exists the absolute left derived functor h{g°f)\ and it agrees with LgfioL/i. 

Proof. Since /*, g* and f*°g* = {g°f)* are weak equivalence preserving functors, in particular 
^if*°9*) = f*°9* = ^f*°^g*. Hence the corresponding composition morphism (jll) is an 
isomorphism, and the result follows from proposition 13.51 applied to 

□ 

Remark 4.6. In |CSt section 16], it is proved that if (C, W) admits a so called 'left model 
approximation' then it has all Quillen homotopy left Kan extensions. Previous corollary 
imply in particular that these are composable. 

The dual results obtained using corollary 13.41 state that Grothendieck homotopy limits 
(defined as right adjoints of the localized constant diagram functors) are equivalent to Quillen 
homotopy limits (defined as absolute right derived functors of the constant diagram functors). 
Also, Grothendieck homotopy right Kan extensions are equivalent to Quillen homotopy right 
Kan extensions, defined dually, and consequently Quillen homotopy right Kan extensions are 
always composable. 
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5. Derived internal horns. 



Recall that a symmetric monoidal category (C, ® : C x C — )■ C) is said to be closed if for each 
object B of C the functor — ® B : C ^ C has a right adjoint Yiom. f ^-jB, —). This means that 
there are natural bijections 

Homc(A® fi,C) i — > Homc(A,Homc(S,C)) 

In this case, Hom^(i3, — ) is also natural on B producing a bifunctor Hom(j(— , — ) : C° xC — )■ C. 

If W is a class of morphisms in C, a closed symmetric monoidal structure on C does not 
necessarily induce one on C[>V~^]. In case ® passes to the localized category C[W~^], we 
deduce the following result. 

Proposition 5.1. Let (C,(g>,IIom) he a closed symmetric monoidal category. Assume that 
{C\yV^^], is a symmetric monoidal category in which — ®^ B is the absolute left derived 
functor of — ® B, for each object B of C. Then, the following are equivalent: 

1. {C\W^^],®^) is a closed symmetric monoidal category, with internal hom 

Homc[w-i](-> -) ■■ C[W-^Y X C[W-^] ^ C[W-^] 

2. For each object B of C, the internal hom HoHi^(i?, — ) : C — t- C has an absolute right 
derived functor MIIom^(i?, — ) . 

In addition, if these equivalent conditions hold, then Hom^ p^;-ij(i?, — ) and R Hom^ fi?, — ) 
agree for each object B of C. 

Proof. For a fixed object B of C, the left adjoint in the adjunction ~ ® B : C ^ C : 
Hom^(-B, — ) admits by assumption an absolute left derived functor L(— ®B) = — g)^ B. By 
corollary I321 it follows that -®^B : C[>V~^] C[yV"^] has a right adjoint Homc[w-i](-S, -) 
if and only Honi^(i?, — ) has an absolute right derived functor R Hom(^ (.B, — ), and in this case 
they agree. □ 

5.1 The internal hom of derived Morita theory. 

In case that (C,VV) is a closed symmetric monoidal model category., C[W^^] does inherit a 
closed symmetric monoidal structure from C. Indeed, it is given by the (absolute) left derived 
functor of ® : C X C — )■ C and the (absolute) right derived functor of Hom : C° x C — )■ C (see 
[Hoi Theorem 4.3.2]). 

However, in some interesting situations one encounters a model category (C, W) such 
that C is also closed symmetric monoidal, but the two structures are not compatible and 
consequently (C, W) is not a symmetric monoidal model category. This is precisely the case 
of derived Morita theory, which is developed in [T] in terms of differential graded categories 
(or dg-categories for short). Let us briefly recall how it is defined. 
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Definition 5.2. A dg-category ^ is a category enriched over the category C{k) of complexes 
of /c-modules, where k is some fixed ring. More concretely, A consists of a class (or set) ObA 
of objects, and a hom-object Hom_4(a;,?/) of C{k) for any two objects x and y. In addition, 
there are morphisms of complexes (composition) 

T^^y^z : Hom^(a;, y) (g)^ Hom^(y, z) — > Hom^(a;, z) 

subject to the usual associativity and unit axioms. 

From a dg-category A one can construct a usual category [A] with same objects as A, and 
morphisms Hom[_4](a;, y) = H°Hom_4(x, ?y). 

Definition 5.3. A dg-functor f : A ^ B between two dg-categories A and i3 is a functor 
of enriched categories over C(A;). That is, Hom(/) : B.om_4^{x,y) — > Hom0(/(x), /(?/)) is a 
morphism of complexes compatible with composition. Note that / induces in particular a 
functor [/] : [A] [B]. 

From the fact that C(A;) is closed symmetric monoidal readily follows that the category 
dgcat of dg-categories and dg-functors is again closed symmetric monoidal. Indeed, A^ B 
has ObA X ObB as objects, and Hom_4(— , — ) 0^ Homg(— , — ) as morphisms. 

As explained in fT\, derived Morita theory may be established through a suitable homo- 
topy theory of dg-categories. To do this, a weak equivalence of dg-categories is defined as a 
dg-functor f : A ^ B such that Hom(/) is a quasi- isomorphism of complexes, and [/] is es- 
sentially surjective (hence an equivalence of categories). We write Ho{dgcat) = dgcat[yV~^]. 

With this notion of weak equivalences, {dgcat, W) is indeed a model category (see |Talj ). 
However, with this model structure ® : dgcat x dgcat — )■ dgcat does not preserve cofibrant 
objects, so {dgcat, W) is not a closed symmetric monoidal model category. 

The situation is not as bad though, since for a cofibrant dg-category A it holds that 
A® — : dgcat — )■ dgcat still preserves weak equivalences. This readily implies that for an 
arbitrary dg-category B, —®B preserves weak equivalences between cofibrant objects. Then, 
it follows from theorem 12.41 and remark 12.51 the 

Proposition 5.4. Given a dg-category B, ~ ® B : dgcat — dgcat admits an absolute left 
derived functor — ®^ B : Ho{dgcat) — t- Ho{dgcat). 

With this derived tensor product Ho{dgcat) becomes a symmetric monoidal category (see 
[T]). An essential point to establish derived Morita theory was to prove that Ho{dgcat) is in 
addition closed symmetric monoidal. This is done in loc. cit. directly, that is, constructing 
explicitly a right adjoint 7^IIom(i3, — ) to — ®^ B : Ho{dgcat) — )■ Ho{dgcat) for each dg- 
category B. 

The internal hom 7^Hom(i3,C) is constructed in two steps. First, one considers the dg- 
category Int{{B ®^ C°) — mod) with objects the fibrant and cofibrant {B ®^ C)°-modules 
and 

Hom^„j((g^Lc°)_„iod)(^> F) = Hom(-E, F) 
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where the right hand side is the C(A;)-valued horn of {B C°) — mod. Then, T ZRom iB, C) 
is the full sub-dg-category Int{{B ®^ C°) — modY'^'^ of Int{{B C°) — mod) formed by right 
quasi-representable modules. 



Since 7^Hom(i3, — ) is not constructed as Hom(i3, — ) composed with a resolution, it was 
not clear whether 7^Hom(i3, — ) was or not the right derived functor of Hom(i5, — ) (see |Ta2j ) . 
But, a direct consequence of proposition 15.11 is the 

Proposition 5.5. Given a dg-category B, the internal horn TZ Hom iB, —) : Ho{dgcat) — )■ 
Ho{dgcat) of derived Morita theory is the absolute right derived functor ]RHom(i5, — ) of the 
internal horn Hom(i3, — ) : dgcat — )■ dgcat of dg- categories. 

Finally, we conclude that T^ Hom is the right derived functor of the internal hom of 
dg-categories in the two variables. 

Theorem 5.6. The internal hom 7^Hom(— , — ) : H o{dgcat)° x Ho{dgcat) — t- Ho{dgcat) of 
derived Morita theory is the absolute right derived functor ]RHom(— , — ) of the internal hom 
Hom(— , — ) : dgcat° x dgcat — )■ dgcat of dg-categories. 

Proof. Given a dg-category B, denote by : 7°Hom(;B, — ) — )■ T ZRom iB, — )°7 the unit of the 
absolute left Kan extension TZ B.om (B, -) = WRom jB, -), and by : (-®'^i3)o7 7o(-(g)i3) 
the unit of the absolute right Kan extension — B. Note that is in this case natural on 
B: if / : i3 — J- i3' is a morphism of dg-categories, the square 



By-f — - — ^7o(-®i3) 



(-®'-/)°7 



7°(-®/) 



(- ®^ B'Yj 7o(- ® B') 



commutes. This follows from the fact that, given a cofibrant replacement {Q : dgcat — )• 
dgcat, p : Q — )■ Idgcat) which acts by the identity on the sets of objects, then (— (^'^ B)°j = 
TiQH ® 13) and = 7o(p ® B) (see [H p. 631]). 

On the other hand, the commutativity of the left square of ([T]) implies that is obtained by 
adjunction from through the adjoint pairs {—<^^B, 7^Hom(S, — )) and (— Hom(i3, — )). 
Since (dqcaq, (g), Hom ) and (Ho(dqcat), T^ Hom ) are closed symmetric monoidal cate- 
gories, the adjunction morphisms of (— ® B, Hom f jg, — )) and (— B,7lBxym{B, —)) are 
both natural on B. Then, we deduce that : 7 

oHom(i3, — ) —7- 7^Hom(i3, — )°7 is also 

natural on B, so it defines a natural transformation 

e : 7°Hom(— , — ) — > T^ Hom f— , — )°7 

The universal property satisfied by each S{b-) = readily implies that T^ Hom f— , — ) is the 
absolute left Kan extension Larj.^7° Hom (— , — ) with unit e. □ 
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